Pulse generation in a two-photon laser is investigated theoretically. A simple model including dispersion, linear absorption, and two-photon saturable gain yields stable mode-locked pulses with a sech 2 intensity profile. Unlike as with self-phase-modulation methods, the pulse width is independent of the nonlinear parameters.
A recent demonstration of a two-photon laser' has raised the question of the dynamics of two-photon lasers. These dynamics are highly nonlinear, and linear concepts that limit the pulse width, such as gain and cavity bandwidths, are not applicable in their familiar form. In this Letter, we propose a new mechanism for generating mode-locked pulses based on a classic model for two-photon gain (TPG). Previous theoretical studies of pulse shortening due to TPG 2 ' 3 have not taken into account group-velocity dispersion (GVD), which is an important limiting factor in ultrashort-pulse generation, nor has a steadystate pulse envelope been obtained.
The generic model equation describing the system is a variation on the nonlinear Schr6dinger equation ( 
where 6 is the absolute value of the GVD (which can be positive or negative) and a is the linear loss of the system (including mirror losses). To isolate the effects of TPG and to simplify the treatment, we only consider a real TPG factor /3. In principle, either one-photon gain or TPG will be a dipole-allowed transition owing to selection rules, consistent with the model above. However, a small amount of onephoton gain will be inevitable, but because this will be at twice the carrier frequency, it can safely be ignored in the slowly varying envelope approximation. This generic model has the essential ingredients for a self-mode-locked laser (gain, loss, dispersion, and nonlinearity to couple the modes). More complicated models will depend on the specific details of the laser system and gain medium. It is trivial to show that a cw field with intensity 1%o12 = a//B is an unstable solution to Eq. (1). More promising is the pulse solution: (3) which is plotted in Fig. 1 . A most interesting property of this pulse is that the pulse width 29/a is dependent only on the linear parameters of the system. In other self-mode-locked systems with an intensitydependent nonlinearity, the pulse width depends on the intensity and the nonlinear coefficient. Another fundamental difference between this solution and the solutions obtained for self-phase-modulation (SPM) systems is that the sign of the GVD does not affect the intensity profile. Taking the negative of the complex conjugate of Eq. (1) yields an identical equation for V with the opposite sign of GVD. Thus normal and anomalous GVD solutions will be identical except for the sign of the phase.
The strange phase factor across the pulse given by Eq. (3) implies that the pulse is not bandwidth limited. This is substantiated by the Fourier transform (4), which is the Fourier transform of the pulse of Eq. (2). For comparison, the dashed curve is the spectrum of the same pulse but with 0(t) = 0.
of Eq. (2),6 which has a power spectrum given by
which is plotted in Fig. 2 . For comparison, the dashed curve shows the spectrum of an unchirped pulse of the same width. For any given set of parameters, the time-bandwidth product of Eq. (2) is 2.24 times larger than it would be for an unchirped pulse. The phase factor is well approximated over the pulse width by +(t) = (a/9 v/)t2, indicating that the chirp is linear. This would allow further pulse shortening at the exit from the cavity with prism pairs. The role of the chirp in the TPG pulse is elucidated by comparison with the soliton solution, which arises in the nonlinear Schr6dinger equation. Whereas a soliton contrives to balance the chirps produced by the GVD and SPM, the TPG pulse balances the growth, which is primarily near the peak, with the loss in the wings and the spreading due to GVD.
An equation similar to Eq. (1) was studied by Par6 et al. 6 in a different physical context. They examined the effect of saturable absorption and linear gain on the evolution of spatial solitons. Besides having opposite signs of /8 and a above, they had an additional phase-modulation term lI12%. They obtained analytic solutions for the case /3 = 3a/(2 -a 2 ), implying that a combination of TPG and SPM also has pulse solutions, although the phase-front curvature is different. In contrast with their system, Eq. (1) has no stable solutions for constant parameters, regardless of the presence of an SPM term.
However, all lasers have a limit on the amount of power that can be put into the beam. For onephoton lasers, this means that, as the energy in the beam grows, the gain coefficient will reduce until the gain equals the loss. This same mechanism applies to the two-photon laser, and, as in the one-photon laser, gain saturation is the stabilizing factor. (5) where N is the population difference between two energy levels and is proportional to the gain, No is proportional to the small-signal gain coefficient, r is the gain relaxation time associated with the pump rate, and W is the stimulated transition rate. For a one-photon laser, W is proportional to intensity I. In the simple model used here for TPG, the transition rate is set proportional to the square of the intensity. If the material-dependent proportionality constants are ignored, the gain dynamics are modeled by d = _/3(I2)ad + ° (6) where it is assumed that the gain per pass is small and the gain relaxation time is much longer than the pulse width, so that the average square of the intensity can be used, allowing the entire pulse to see the same value of B. The time average of 12 is over a cavity round trip. If we ignore the GVD, the field will experience a net gain for intensities 1%1 2 > a//,. In general, this intensity will not be produced by spontaneous emission alone, so the laser will not be self-starting; it must be externally kick-started with a high-intensity pulse, as in the experiment by Gauthier et al.' The particular shape of this trigger pulse should not matter, as suggested by the computer runs reported below.
Equations (1) and (6) were evolved with the splitstep method with step length Az = 5 X 10-5 and 1024 temporal points, with spacing ranging from At = 0.01 to 0.08. The boundary conditions were chosen to be periodic, to ensure that the effect of the overlapping tails of adjacent pulses would be simulated. The input field did not seem to be important; Gaussians and hyperbolic-secant profiles, with peaks and widths ranging several orders of magnitude above and below those for the final solution, were injected. Even a flat field (cw) of intensity I = 1.8 a/,60 was injected to probe the stability of the cw state (noise, of magnitude 10-6 relative to the cw intensity, was included to seed the instability). In all cases where the initial peak intensity was larger than 3a/(2/3o), the field evolved to a stable pulse. The agreement between the stabilized numerical results and the solution given in Eq. (2) is such that they are indistinguishable when plotted. Closer inspection reveals a slight ripple at the boundaries of the numerical solution. This is because Eq. (2) assumes that ±t goes to infinity, whereas in the calculations the boundary conditions were chosen to be periodic so that the longitudinal modes would be discrete, simulating mode locking in a cavity.
Thus the gain saturation stabilizes the pulse solution but not the cw solution. It is tempting to suggest that the spiking observed in the two-photon laser' is connected with the instability of the cw field and the stability of the pulse. For the two-photon laser cavity round-trip distance 21 = 10 cm, the pulse train should have a repetition rate of c/21 = 3 GHz. This would not be clearly resolvable unless it were observed on a time scale s300 ps.
As an example, we consider GaAs as a gain medium. Picking an energy of 0.77 eV, which is predicted to show TPG, 5 the GVD is calculated to be 1.48 ps 2 /m (see Ref. 9, p. 108), and a free carrier absorption of 1.4 cm-' gives a field absorption factor of a = 70 m'1; thus the pulse length is 2V'/ 7 a = 290 fs. In practice, it would be desirable to increase the output coupling of the laser (and hence the loss parameter a) as much as could be sustained by the pump. In addition to increasing the power efficiency of the laser, it would decrease the pulse width and increase the peak intensity. The limitations to this system, apart from the difficulty of obtaining TPG, are primarily due to competing nonlinear processes. In particular, for materials with nonzero x(2) and one-photon gain, the second-harmonic generation will seed the one-photon transition, which will compete for the energy in the upper level, as will amplified spontaneous emission. Three-photon absorption has also been observed in semiconductors at high intensities,1 0 and this (and other higher-order processes) can restrict the peak intensity or destabilize the pulse if of a large enough magnitude. A finite bandwidth gain and its associated finite response time will also complicate the behavior of the system. Finally, at high powers, transverse effects will certainly play a role. However, the computer simulations have shown the pulse to be remarkably stable when the gain saturation is included, so if the other processes can be kept small, their perturbative effect will not destroy the pulse.
In summary, we have shown that a simple model for TPG, combined with dispersion, absorption, and dynamic gain saturation, leads to stable mode-locked pulses. The pulse width has the desirable properties of being independent of the nonlinear coefficient, the intensity, and the sign of the GVD. Increasing the mirror outcoupling leads to pulse shortening, higher peak intensity, and better power efficiency.
